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fc	� Critical void volume fraction at the onset of 
coalescence

ff	� Critical void volume fraction at the onset of 
fracture

fn	� Total void volume fraction that can be 
nucleated

f* (f)	� Void volume fraction function
I	� Unite tensor
q1, q2, q3	� Parameters for the GTN model
Sn	� Standard deviation of the distribution of the 

plastic strain for void nucleation
Δf	� Increment of void volume fraction
Δfgrowth	� Increment of void volume fraction for the 

growth of existing voids
Δfnucleation	� Increment of void volume new fraction for 

the nucleation of voids
�ε

p	� Increment of plastic strain tensor
�ε̄p	� Increment of equivalent plastic strain
εn	� Mean value of the distribution of the plastic 

strain for void nucleation
ε̄	� Equivalent strain
ε̄f	� Equivalent strain to fracture
(

σh
/

σeq

)

av
	� Yield function

σeq	� Mises equivalent stress
σh	� Hypostatic stress
σy	� Yield stress
σh
/

σeq
	� Stress triaxiality

(

σh
/

σeq

)

av
	� Average stress triaxiality

1  Introduction

Wide applications of high-strength aluminum alloys in 
many industries such as aerospace and automotive have 
led to a growing need for understanding their mechanical 

Abstract  The aim of this study is to investigate the effect 
of quenching residual stress on the ductile fracture behav-
ior of pre-stretched 7075 aluminum alloy plate. The GTN 
ductile fracture model is adopted for the failure analysis 
and implemented in the finite element package ABAQUS. 
Five cases of plates with different thicknesses are selected 
to study the effect of the quenching residual stress. By 
monitoring the average stress triaxialities at the surface and 
the central part of the plate, a new equation describing the 
relationship between the equivalent strains to fracture and 
the average stress triaxiality is proposed. Results show that 
the average stress triaxiality was strongly influenced by the 
quenching residual stress. The thicker the plate, the higher 
was the value of the average stress triaxiality at the central 
part of the plate and, as a result, the easier the crack occurs.
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properties. In many of these applications, the aluminum 
alloy needs to be processed by rolling, quenching and 
stretching [1]. The quenching process is known to improve 
the material mechanical property. However, it also induces 
a high amount of residual stress, which cannot be thermally 
relieved while maintaining the alloy’s high mechanical 
properties [2]. Generally, the quench-induced stresses can 
be relieved by applying plastic strain in the rolling direc-
tion. In this process, however, the aluminum alloy plate 
may be subjected to ductile fracture. For a plate with 
large dimensions, the sudden drop in the applied load due 
to the fracture process poses a threat to the service life of 
the stretching machines. As such, a study of the mecha-
nism of ductile fracture for quenched aluminum alloy plate 
under stretch is not only of fundamental interest, but also 
of practical importance in terms of designing the stretching 
process.

The fracture of aluminum alloy plate under the stretch-
ing process can be considered as a ductile type of fail-
ure and a significant amount of work has been published. 
Physical observation and micromechanical analysis have 
led to the development of a number of phenomenologi-
cal or micro/meso-mechanical models for the prediction 
of ductile fracture initiation [3–6]. Among those models, 
the model proposed by Gurson [7] based on a continuum-
mechanics framework has received considerable attention, 
and it was applied to simulate the ductile fracture of met-
als with the modification by Tvergaard [8] and Needleman 
[9] to describe the nucleation, growth and coalescence of 
voids in the materials, which is known as the GTN model. 
McClintock [10] and Rice and Tracey [11] have shown 
that the ductile fracture is strongly dependent on hydro-
static stress. Atkins [12] also pointed out that the criteria 
for fracture initiation should be dependent on hydrostatic 
stress. The stress triaxiality, which is defined as the ratio of 
the hydrostatic stress and the von Mises equivalent stress, 
is an important factor that controls the initiation of ductile 
fracture. To study the entire ductile fracture behavior, Bao 
and Wierzbicki [13] introduced the concept of the average 
stress triaxiality. The average stress triaxiality is defined as

where σh denotes the hydrostatic stress, σeq represents 
Mises equivalent stress, σh

/

σeq
 and 

(

σh
/

σeq

)

av
 represent 

stress triaxiality and average stress triaxiality, respectively, 
ε̄ is equivalent strain and ε̄f  is equivalent strain to frac-
ture. Bao and Wierzbicki [13, 14] have also observed that 
the mechanism of ductile fracture is different depending 
on the amount of triaxiality and they investigated a wide 
range of stress triaxiality for the fracture ductility of 2024-
T351 aluminum alloy. Zhou et al. [15] studied the ductile 
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fracture behaviors of 5083 aluminum alloy including the 
residual stress effect through a series of experiments and 
finite element analyses, and the results indicated that the 
residual stress has a significant effect on ductile fracture 
resistance. Farahani and Sattari-Far [16] investigated the 
effects of residual stresses on crack behavior and showed 
that the crack driving forces and the crack-tip stress field 
were distinctly affected effected by residual stress. For a 
pre-stretched aluminum alloy plate, Ding et al. [17] studied 
the variations of elliptical cracks considering the effect of 
quenching residual stress and results show that the cracks’ 
propagation is affected significantly by the quenching 
residual stress. During the entire stretching process, the 
stress is affected by the quenching residual stress; however, 
there is little literature on the study of fracture behavior 
considering the effect of quenching residual stress.

In this paper, the effect of quenching residual stress on 
the fracture behavior during the stretching process was 
investigated for 7075 aluminum alloy plates. Five cases of 
7075 plates with different thicknesses are selected in the 
study. The GTN ductile fracture model is used in the finite 
element package ABAQUS [18], and the quenching resid-
ual stresses are input in the model as the initial stresses. 
The stretching process is simulated until fracture occurs. 
The stress states in the plates are calculated with which the 
stress triaxiality is derived to study its effect on the equiva-
lent strain to fracture. By monitoring the average stress 
triaxialities at the central part of the plate, a new equation 
describing the relationship between the equivalent strain to 
fracture and the average stress triaxiality is proposed.

2 � Pre‑stretching fracture model for aluminum 
alloy plate

2.1 � Ductile fracture model

Since Gurson developed the ductile fracture model for 
a voided material in 1977 [7], numerous investigations 
have been done based on the Gurson model, which has 
demonstrated that it is a key advantage of simulation 
of ductile fracture, especially the model modified by 
Tvergaard with respect to the yield condition and dam-
age evolution and by Needleman to introduce the law 
of void nucleation, which is called Gurson–Tvergaard–
Needlemen (GTN) model. The constitutive equation of 
the GTN model is expressed as [8, 9]:

where σy represents the yield strength of the matrix, q1 , 
q2 and q3 are the constitutive parameters with q3 = q21 , 

(2)Φ =
(

σeq

σy

)2

+ 2q1f
∗(f ) cosh

(

3q2σh

2σy

)

−
(

1+ q3f
∗(f )2

)

,
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and f ∗(f ) is a function of the void volume fraction f  
by taking into account the accelerated process of coa-
lescence after reaching a critical void volume fraction 
fc . This function is defined by:

where ff is the void volume fraction at the fracture. 
The void coalescence is considered to take place when 
the void volume fraction reaches a critical value fc and 
the material fractures when the void volume fraction 
reaches ff.

In general, the evolution of the void volume fraction is 
driven by the growth of existing voids and the nucleation of 
new voids:

Void growth can be expressed by volumetric expansion 
in mesoscale:

where �ε
p is the increment of the plastic strain tensor and I 

denotes the tensor. Here, we consider the plastic strain con-
trolled nucleation, so that void nucleation can be written as 
follows:

where �ε̄p is the increment of equivalent plastic strain and 
the parameter B is chosen so that void nucleation follows a 
normal distribution around a critical, which was introduced 
by Needleman [8]:

Here, fn is the void volume fraction of void nucleating 
particles, sn is the standard deviation and εn is the mean 
nucleating strain.

2.2 � Material parameters and boundary condition

Due to the high mechanical properties like high yield 
strength and high toughness, etc., aluminum 7075 alloys 
are widely used in aerospace structures and automobile 
components [19], and hence the 7075 aluminum alloy is 
selected for the study as shown in Fig.  1. The 7075 alu-
minum alloy may be modeled using an isotropic plastic 
model (J2-plasticity) and isotropic hardening, while the 
hardening behavior is obtained from the experimental 
curve in the study of Brar et al. [19]. There are ten param-
eters for GTN model, which are adopted from Refs. [19, 
20], as shown in Table 1.

(3)f ∗(f ) =







f , f ≤ fc

fc +
1
/q1

−fc

ff−fc
(f − fc), fc < f ≤ ff

,

(4)�f = �fgrowth +�fnucleation.

(5)�fgrowth = (1− f )�ε
p : I,

(6)�fnucleation = B�ε̄p,

(7)B =
fn

sn
√
2π

exp

[

−
1

2

(

ε̄p − εn

sn

)2
]

.

All the simulations were carried out using the commer-
cial finite element package ABAQUS to obtain individual 
components of stress and strain tensors at the fracture loca-
tion. Eight-node linear brick elements with reduced Gauss-
ian integration and hourglass control (C3D8R in ABAQUS 
Explicit) were used. In the actual production, after the 
quenching process, the aluminum alloy plate will be 
stretched by stretching machine to relive the residual stress. 
So, in the finite element model, one side of the plate was 
fixed as the plate clamped in practical and the other side 
was subjected to uniaxial tensile loading until failure, and 
the quenching residual stress was simulated [21, 22] and 

x
y z
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Shape of 
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Fig. 1   Pre-stretched aluminum alloy plate

Table 1   Material parameters of the 7075 aluminum alloy

Young’s modulus (GPa) 71.7

Poisson’s ratio 0.33

Yield strength (MPa) 546

Density (kg/m3) 2810

q1 1

q2 1.5

fn 0.01

sn 0.1

εn 0.3

f0 0.0001

fc 0.15

ff 0.25
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imported into the finite element model as the initial stress 
state. The residual stress after quenching might be over 
200 MPa, and the thicker the plate, the larger is the quench-
ing residual stress. The shear stress in quenched plates and 
the stress in the thickness direction can be neglected since 
they are very small compared to the stresses in length and 
width direction. Five cases of plates with different thick-
nesses, i.e., 40, 80, 120, 160, and 200 mm, are selected to 
investigate the effect of quenching residual stress on the 
fracture behavior, with the dimensions listed in Table  2. 
Residual stresses in the thick direction, i.e., the Z direction, 
are shown in Fig. 2. The pattern of the distribution of the 
quenching residual stresses of plates with different thick-
nesses seems to be similar.

3 � Results and discussions

3.1 � Fracture process simulation with pre‑stretched 
plates

The models are developed with the commercial finite ele-
ment package ABAQUS. Take a plate of 120 mm thick-
ness for example. Figure  3 shows the distributions of the 
stress and strain as the fracture occurs. It can be seen that 
the contraction before fracture causes the concentration 
of the stress, which represents the triaxial stress state. The 
stresses far away from the fracture zone distribute evenly 

and represent the uniaxial stress state. The plastic strain 
at the central part of the fracture zone is most significant, 
where the crack occurs initially.

Figure  4 shows the comparison of the current results 
with and without the residual stress and the experimental 
results from Refs. [19, 23]. It can be seen that the simula-
tion without the effect of quenching residual stress matches 
very well with the experimental result. The quenching 
residual stress affects the yield stress of the material, but 
has little effect on the flow stress and the strain to the frac-
ture. For the entire deformation, the components of stress 
and strain tensors will be affected by the quenching resid-
ual stress. This effect will be simulated by the GTN model 
with the parameters selected.

3.2 � Effects of the quenching residual stress

Since the above correlation of the experimental and numer-
ical results is almost perfect, it is reasonable to study the 
fracture ductility based on the individual components of 
stress and strain tensors at locations of fracture initiation 
obtained from numerical simulations. The numerical simu-
lation results are shown in Fig. 5.

Figure 5 indicates that the engineering stress–strain rela-
tionships of different plates are similar, and as the thickness 
of the plate increases the final equivalent strain to the frac-
ture only decreases slightly. This is because the quenching 
residual stress distributes evenly in the global scale. How-
ever, the ductile fracture is mainly influenced by the local 
stress state, for example the stress triaxiality. The effects 
of quenching residual stress on the stress triaxiality in the 
entire deformation process are shown in Fig. 6, from which 
it can see that the quenching residual stress has significant 
effects on stress triaxialities. As the stretching process goes 
on, the stress triaxiality at the surface increases to 1/3 from 
a negative value, then remains constant for a while and 
finally increases again. The quenching residual stresses at 
the surface are compressive stresses, which explain why the 
initial stress triaxiality is negative. As the load increases, 

Table 2   Dimensions of aluminum alloy plate

No. Dimensions of plates 
(length × width × thickness)/mm

1 10,000 × 1500 × 40

2 10,000 × 1500 × 80

3 10,000 × 1500 × 120

4 10,000 × 1500 × 160

5 10,000 × 1500 × 200

Fig. 2   Distribution of quench-
ing residual stress. a Residual 
stress in X direction. b Residual 
stress in Y direction
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Fig. 3   Distributions of stress and strain for the aluminum alloy plate. a The distribution of Mises equivalent stress. b The distribution of equiva-
lent strain
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the quenching residual stresses inside the plate are elimi-
nated, which turns the state into a uniaxial stress state, 
i.e., with a 1/3 stress triaxiality. As the plastic deformation 
occurs, the plate starts contracting locally, which means 
that the stress triaxiality increases again. While for the cen-
tral position of the plates, the quenching residual stresses at 
this area represents the tensile state and the stress triaxiality 
value is high initially. As the load increases, the values of 
the stress triaxiality at the central area decreases, until the 
uniaxial stress states occur. Once the plate starts contract-
ing, the stress triaxiality increases again.

The equivalent strains to fracture along the thickness 
direction are calculated in the simulation, which are shown 
in Fig. 7. It can be seen clearly that the equivalent strains 
to fracture decrease quickly as the thicknesses of the plates 
increase, and for each case the equivalent strain to fracture 
varies with the thickness. To see the variation between the 
equivalent strain to fracture and the thickness of the plate, 
the case of the 120  mm-thick plate is shown in Fig.  8, 
which shows that the equivalent strain to fracture distributes 

symmetrically along the central plane, with the largest value 
occurring at the central position. This means that the crack 
would generate initially from the central position.

Fig. 6   The effects of quenching 
residual stress on stress triaxial-
ity. a Stress triaxialities at the 
surface. b Stress triaxialities at 
the center
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Fig. 7   Distributions of equivalent strain to fracture along the Z direc-
tion

Fig. 8   Distribution of equivalent strain to fracture for the 120  mm 
plate

Fig. 9   Equivalent strains to fracture at the central part of the alu-
minum alloy plates
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The equivalent strains to fracture at the central position 
play an extremely important role in the initiation of frac-
ture. Figure 9 shows the variation of equivalent strains to 
fracture with the thickness. As the thickness of the plate 
increases, the largest equivalent strain to fracture at the cen-
tral position decreases. This indicates that if the plates are 
stretched up to the same level of plastic strain, the thicker 
plates are more prone to fracture.

The stress triaxialities as the plate fractures are calcu-
lated through the stress components. Figure 10 shows the 
stress triaxialities at the surface and the central position 
of the plates. It can be seen that the amplitudes of stress 
triaxialities at the surface decrease as the thickness of the 
aluminum alloy plates increase before the uniaxial state of 
stress; on the other hand, the amplitudes of stress triaxiali-
ties at the center increase as the thickness of the aluminum 
alloy plates increase at the initial fracture.

Generally, the stress triaxiality varies during the defor-
mation process of the materials, as shown in Fig. 10, which 
makes it difficult to analyze the ductile fracture. The aver-
age stress triaxialities at the surface and central part of five 
cases for aluminum alloy plates with different thicknesses 
are calculated, as shown in Fig. 11.

It can be seen that the average stress triaxiality at each 
position is above 0.4. For a single plate, the average stress 
triaxiality at the central area is larger than the one at the 
surface. As the thickness of the plates increases, the dif-
ferences between the surface and the central area become 
more significant, and while the average stress triaxiality at 
the central area increases, the average stress triaxiality at 
the surface decreases. Results shown in Fig. 11 indicate that 
the thicker the plate, the easier does the the crack occur. 
The quenching residual stress at the surface in the compres-
sive state would inhibit the generation of the crack, while 
the quenching residual stress at the central area represents 
the tensile state which would facilitate the generation of the 
crack. The thicker the plate, the higher is the amplitude of 
the quenching residual stress and the more significant is of 
the effect on the initiation and inhabitation of the crack.

The initiation of the crack is related to the average stress 
triaxiality. To predict the fracture initiation at the central 
area of the plate during the stretching process, the relation-
ship of the equivalent strain and the average stress triaxial-
ity is calculated, which is shown in Fig. 12. The results are 
fitted to derive a new equation describing the relationship 

Fig. 10   Stress triaxialities at 
the surface and central part of 
different plates. a Stress triaxi-
alities at the surface. b Stress 
triaxialities at the center

Fig. 11   Average stress triaxialities at the surface and center part of 
the plates Fig. 12   Relationship between equivalent strain to fracture and aver-

age stress triaxiality
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between the equivalent strain to the fracture and the aver-
age stress triaxiality:

The equation above is also described in Fig.  12. The 
initiations of fracture for the 7075 aluminum alloy plates 
with different thicknesses can be obtained easily accord-
ing to Figs. 11 and 12. So the equation is believed to be a 
useful tool for the prediction of fracture initiation of alu-
minum alloy plate with quenching residual stress during 
the stretching process, and to prevent the fracture of the 
plate, the stretching process for the 7075 aluminum alloy 
plate also can be designed based on this equation.

4 � Conclusions

The facture during the stretching process will pose a threat 
to the service life of the stretching machines; to predict the 
fracture and protect the machines, the effect of quenching 
residual stress on the ductile fracture behavior of a 7075 
aluminum alloy plate is investigated. Five cases of plates 
with different thicknesses are selected to study the effect 
of the quenching residual stress, and the entire deforma-
tions of the plates are simulated to get the components of 
stresses and strains. With the effect of residual stress, the 
variations of stress triaxialities at the surface and the cen-
tral part of the plates are calculated, and the average stress 
triaxialities during the deformation are also obtained, 
based upon which a new equation describing the relation-
ship between the equivalent strain to fracture and the aver-
age stress triaxiality is proposed. This is believed to be a 
useful tool for the prediction of fracture initiation of alu-
minum alloy plate with quenching residual stress during 
the stretching process. By analyzing the calculated results 
of example cases, the following specific conclusions can 
be obtained:

1.	 A new equation describing the relationship between 
the equivalent strain to fracture and the average stress 
triaxiality is proposed, by which the initiation of frac-
ture of aluminum alloy plate can be predicted. It can 
be used to design the stretching process to protect the 
fracture of the plate.

2.	 Before the fracture of the plate, the states transform 
from the uniaxial stress state to the multiaxial stress 
state. The equivalent strain to fracture distributes sym-
metrically along the central plane of the plate, and the 
largest value occurs at the central position. With the 
increase of the plate thickness, the largest equivalent 

(8)ε̄f = 2.632 exp

{

−2.516

(

σh

σeq

)

av

}

.

strain to fracture at the central position decreases. It 
indicates that the initiation of fracture will occur at the 
central position of the plate, and the thicker plate is 
more prone to fracture.

3.	 During the entire deformation, the stress triaxialities at 
the surface and center of the plate are calculated. With 
the effect of the quenching residual stress, the values 
of the stress triaxialities reach 1/3 from a negative and 
positive value, respectively. This state will affect the 
average stress triaxialities for the entire deformation.
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